EXISTENCE OF DOUBLY- WEIGHTED PSEUDO ALMOST PERIODIC 
SOLUTIONS TO SOME CLASSES OF NONAUTONOMOUS 
DIFFERENTIAL EQUATIONS 
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Abstract. The main objective of this paper is twofold. We first show that if the doubly- 
weighted Bohr spectruiTi of an almost peiiodic function exists, then it is either empty or 
coincides with the Bohr spectrum of that function. Next, we investigate the problem which 
consists of the existence of doubly-weighted pseudo-almost periodic solutions to some 
nonautonomous abstract differential equations. 



1. Introduction 

Motivated by the functional structure of the so-called weighted Morrey spaces 1 16|, in 
Diagana |10|, a new concept called doubly-weighted pseudo-almost periodicity, which 
generalizes in a natural fashion the notion of weighted pseudo-almost periodicity is 
introduced and studied. Among other things, in |10|, properties of these new functions 
have been studied including the stability of the convolution operator, the translation- 
invariance, the existence of a doubly-weighted mean for almost periodic functions under 
some reasonable assumptions, the uniqueness of the decomposition involving these new 
functions as well as some results on the composition of these new functions have been 
studied. 

The main objective of this paper is twofold. We first show if the doubly-weighted Bohr 
spectrum of an almost periodic function exists, then it is either empty or coincides with 
the Bohr spectrum of that function. Next, we investigate the problem which consists of 
the existence of doubly-weighted pseudo-almost periodic solutions to the nonautonomous 
abstract differential equations 

(1.1) u'(t)^A(t)u(t) + g(t,u(t)), feR, 
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where A(t) for f e R is a family of closed linear operators on D(A(t)) satisfying the well- 
known Acquistapace and Terreni conditions, and g : R x X i-> X is doubly weighted 
pseudo-almost periodic in f € R uniformly in the second variable. 

It is well-known that in that case, there exists an evolution family K - {U{t,s)],>s 
associated with the family of linear operators A{t). Assuming that the evolution family 
tl = {U(t, s)]i>s is exponentially dichotomic and under some additional assumptions it will 
be shown that Eq. dl.lb has a unique doubly- weighted pseudo-almost periodic solution. 

The existence of weighted pseudo-almost periodic, weighted pseudo-almost automor- 
phic, and pseudo-almost periodic solutions to differential equations constitutes one of the 
most attractive topics in qualitative theory of differential equations due to possible appli- 
cations. Some contributions on weighted pseudo-almost periodic functions, their exten- 
sions, and their applications on differential equations have recently been made, among 
them are for instance Q, S, Q, (HI, (H, HI, IH, |[l5l, M\, lES, ED, ES, and 
||29l and the references therein. However, the problem which consists of the existence 
of doubly-weighted pseudo-almost periodic(mild) solutions to evolution equations in the 
form Eq. (II. lb is quite new and untreated and thus constitutes one of the main motivations 
of the present paper 

The paper is organized as follows: Section 2 is devoted to preliminaries results related 
to the existence of an evolution family, intermediate spaces, properties of weights, and 
basic definitions and results on the concept of doubly-weighted pseudo-almost periodic 
functions. Section 3 is devoted to the existence of a doubly-weighted Bohr spectral 
theory for almost periodic functions while Section 4 is devoted to the existence of doubly- 
weighted pseudo-almost periodic solutions to Eq. ( II. lb . 

2. Preliminaries 

Let (X, II ■ II) be a Banach space. If C is a linear operator on X, then D{C), p(C), and 
cr(C) stand respectively for the domain, resolvent, and spectrum of C. Similarly, one sets 
R(A, C) := (AI - C) ' for all A e p{C) where / is the identity operator for X. Furthermore, 
we set 2 = / - P for a projection P. We denote the Banach algebra of bounded linear 
operators on X equipped with its natural norm by Z?(X). 

If Y is another Banach space, we then let BC(R, X) (respectively, BC(R x Y, X)) denote 
the collection of all X- valued bounded continuous functions and equip it with the sup norm 
(respectively, the space of jointly bounded continuous functions F : R x Y i-» X). 

The space BC(R, X) equipped with the sup norm is a Banach space. Furthermore, 
C(R, Y) (respectively, C(R x Y, X)) denotes the class of continuous functions from R into 
Y (respectively, the class of jointly continuous functions F : R x Y X). 

2.1. Evolution Families. The setting of this Subsection follows that of Baroun ef a/. I|3] 
and Diagana 1141 . Fix once and for all a Banach space (X, || • ||). 
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Definition 2.1. A family of closed linear operators A(t) for f e R on X with domain D(A(t)) 
(possibly not densely defined) satisfy the so-called Acquistapace and Terreni conditions, if 
there exist constants w e R, e (|, tt), L > and //, v e (0, 1] with ju + v > 1 such that 

(2.1) Efl U {01 c p(A(f) - w) 3 /I, \\R(A,Ait)-aj)\\< forallfeR, 

1 + \A\ 

and 

(2.2) ||(A(f) - aj)R(A,A(t) - w) [R{u,A(t)) - R{La,A{sm\ < L 

for f, 5 6 R, ^ e le := {/} 6 C \ {0} : I arg A\ < 6). 

For a given family of linear operators A(f), the existence of an evolution family 
associated with it is not always guaranteed. However, if A{t) satisfies Acquistapace- 
Terreni, then there exists a unique evolution family 

K = {U{t, s):t,seR such that t > s} 

on X associated with A(t) such that U(t, s)X c D{A{t)) for all t,s eR. with t > s, and 

(a) U(t, s)U{s, r) - U{t, r) for f , 5 6 R such that t> s> s; 

(b) U{t, = / for f e R where / is the identity operator of X; 

(c) (f, s) i-> U (f , s) 6 B(X) is continuous for t > s; 

(d) U{-, s) e C\(s, oo), B(X)), ^(f, s) = A(t)U(t, s) and 

ot 

\\A(t)''U(t,s)\\<K(t-sr'' 

forO < f - 5 < 1 and/t = 0, 1. 

Definition 2.2. An evolution family H = {U(t, s) : t,s e R such that f > i) is said to 
have an exponential dichotomy (or is hyperbolic) if there are projections Pit) (t e R) that 
are uniformly bounded and sti^ongly continuous in / and constants 6 > and N > 1 such 
that 

(e) U(t, s)P(s) = P(t)U{t, s); 

(f) the restriction UQ(t,s) : Q(s)X Q(t)X of U{t,s) is invertible (we then set 
UQ(s,t):=UQ(t,s)'^)- and 

(g) \\U{t, s)P(s)\\ < Ne-^'^'-''' and \\UQis, t)Qit)\\ < Ne-^^'-''> for t > s and f , i e R. 

This setting requires some estimates related ioU - {U(t, s)}f>s. For that, we introduce 
the interpolation spaces for A(f). 

Let A be a sectorial operator on X (in Definition 12.11 replace A(f) with A) and let 
a E (0, 1). Define the real interpolation space 

X^^ := {x 6 X : IIjcII;^ := sup.^o \\r"(A - cj)R(r,A - oj)x\\ < oo}, 
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which, by the way, is a Banach space when endowed with the norm || ■ ||^. For convenience 
we further write 

:= X, llxll^ := ll^ll, Xf := D(A) 
and lljcllf := ||(w - A)x||. Moreover, let X^* := D(A) ofX. 

Definition 2.3. Given a family of linear operators A(f) for f e R satisfying the 
Acquistapace-Terreni conditions, we set X^ :- X^*'' and X' :- X"*''' for < a < 1 
and / € R, with the corresponding norms. 

Proposition 2.4. fS] For xeX, 0<q'< 1 and t > s, the following hold: 
(i) There is a constant c{a), such that 

(2.3) \\U(t, s)P(s)xt < c(a)e-^('-')(f _ sr"\\x\\. 
(ii) There is a constant m(a), such that 

(2.4) \\Uq(s, t)Q(t)xt < m(a)e-'^'-'^\\x\\, t < s. 

2.2. Properties of Weiglits. This subsection is similar to the one given in Diagana IfTOl 
except that most of all the proofs will be omitted. 

Let U denote the collection of functions (weights) p : R (0, oo), which are locally 
integrable over R such that p > almost everywhere. 

In the rest of the paper, if yu e U, T > 0, and a € R, we then set Qt '■- [-T, T], 
Qr+a:^ [-T + a,T + a], 

I^(Qt) := I ^i(x)dx. 

Jqt 

Here as in the particular case when fi{x) = 1 for each x € R, we are exclusively 
interested in the weights fi for which, 

lim /z(2r) = oo- 

Consequently, we define the space of weights Uoo by 

Uco := </U e U : inf //(x) = /jq > and lim /i(gr) - oo}. 

I xeR T—>oo I 

In addition to the above, we define the set of weights by 

Hb := <yu € Uoo : snpfi{x) - jji < oo I. 

[ xeWL J 

We also need the following set of weights, which makes the spaces of weighted pseudo- 
almost periodic functions translation-invariant. 
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u e Uoo : lim — ^ < oo and lim < oo for all r E R I . 

Let denote the collection of all continuous functions (weights) yu : R (0, oo) such 
that ju > almost everywhere. 
Define 

:= L e U:;, n Uco : lim ^^^^-11^ < oo foraU r e : 
Lemma 2.5. HO] Diagana] The inclusion c UjS^ holds. 

Definition 2.6. Let fJ.,v e Uoo- One says that is equivalent to v and denote it jU < v, if 

V 

Let fi,v,y e Uoo- It is clear that < i-i (reflexivity); if // < v, then v < fi (symmetry); and 
if fi < V and v < y, then n < y (transitivity). Therefore, < is a binary equivalence relation 
on Uoo- 

We have 

Proposition 2.7. Let //, v e UjS"- If yu < v, then cr = + v e U^S"- 

Proposition 2.8. Let e W^. Then their product n - iiv e U^- Moreover, if ;U < v, 
then o- := fi + v e U^- 

The next theorem describes all the nonconstant polynomials belonging to the set of 
weights Uoo- 

Tlieorem 2.9. [10', Diagana] If/j e Uoo is a nonconstant polynomial of degree N, then N 
is necessarily even (N — 2n' for some nonnegative integer n'). More precisely, // can be 
written in the following form: 



H(x) - a ]~~[(-^^ + '^kX + bkf 



k=a 

where a > is a constant, a^ and bk are some real numbers satisfying a^ — Abu < 0, and m^ 
are nonnegative integers for k — 0, ...,n. Furthermore, the weight jj given above belongs 

2-3- Doubly- Weiglited Pseudo- Almost Periodic Functions. 

Definition 2.10. A function / e C(R, X) is called (Bohr) almost periodic if for each e > 
there exists /(e) > such that every interval of length /(e) contains a number r with the 
property that 

||/(f + r) - /(f)ll < e for each f E R. 
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The collection of all almost periodic functions will be denoted AP(X). 



Definition 2.11. A function F e C(R x Y,X) is called (Bohr) almost periodic in f e R 
uniformly in y e Y if for each e > and any compact K (Z Y there exists /(e) such that 
every interval of length l{s) contains a number t with the property that 



\\F(t + T,y)- F(t,y)\\ < s for each t € 1 
The collection of those functions is denoted by AP{Y, X). 
If fi,v e Uoo, we then define 



yeK. 



PAPo(X,i^,v) := < / e BC{R,X) 



lim 

r^oo i_i(Q 



^ r \\f{cT)\\v{cr)d(r^O 



Similarly, we define f APo(Y, X,//, v) as the collection of jointly continuous functions 
F : R X Y i-> X such that F(-,y) is bounded for each y e Y and 



lim 



2t) 



\\F{s,y)\\v{s)ds\^0 



uniformly in y e 



Definition 2.12. Let /z, v e Uoo- A function / e C(R, X) is called doubly-weighted pseudo- 
almost periodic if it can be expressed as f = g+<p, where g e AP(X) and (p e PAPo(X, ji, v). 
The collection of such functions will be denoted by PAP{X,jj, v). 

Definition 2.13. Let e Uc„. A function F e C(R x Y,X) is called doubly-weighted 
pseudo-almost periodic if it can be expressed as F = G -H O, where G e AP{Y, X) and 
O 6 PAPq{Y, X, /I, v). The collection of such functions will be denoted by PAP(Y, 



Proposition 2.14. [10, Diagana] Let yu € Uoo and let v € U^^" such that 
(2.5) sup . „ . < oo. 



sup 

7'>0 



KQt) 



Let / e PAPo(M.,n, v) and let g e L\R). Suppose 
(2.6) - 



lim 

7"— >oo 



< oo for all T € 



MQr) 

Then / * g, the convolution of / and g on R, belongs to PAPq(R,ij, v). 

Proof. It is clear- that if / € PAP()(R,i2,v) and g € L'(R), then their convolution 
f*g€ BC(R, R). Now setting 

J(T,fi,v):= f f \f(t-s)\\g(s)mdsdt 

KQt) JQt J-oo 
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it follows that 



-4n r \(f * 8m\y(t)dt < J(T,ii,y) 



X+oo 
\g{s)\^T{s)ds, 
oo 



where 



2r+|s|) Jo 

MGr+|i|) 



MGr) ' h(Qt+\s\) Jq, 



\f(t - sMt)dt 



Using the fact that v e Ujj* and Eq. (12.61 ). one can easily see that (pjis) as T oo for 
all s e R. Next, since (pj is bounded, i.e., 

v(Qt) 

and g & (K.), using the Lebesgue Dominated Convergence Theorem it follows that 

^imjj \g(s)\Ms)ds^ - 0, 

and hence f * g & PAPq{% fj.,v). □ 

Corollary 2.15. Let yu e Uco and let v e U'^^ such that Eqs. (|23]l - (E^ll hold. If 

/ € PAP(R,yL(, v) and g e L'(R), then f*g belongs to PAP(R,yu, v). 

Theorem 2.16. lHOl Diagana] Iffi, v e Uoo such that the space PAPq(X, jj., v) is translation- 
invariant and if 

then the decomposition of doubly-weighted pseudo-almost periodic functions is unique. 

Theorem 2.17. |[TOl Diagana] Let v e Uco and let f e PAf(Y, X, yU, v) satisfying the 
Lipschitz condition 

||/(f, m) - fit, v)|| <L.\\u- v\\y for all m, v e Y, f e R. 

Ifh € PAP{Y,p, v), then f{-, h(-)) e PAP{X,p, v). 



(2.7) inf 



= 5o > 0, 
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3. Existence of a Doubly- Weighted Mean for Almost Periodic Functions 

Let i^,v e Voa- If / : R i-» X is a bounded continuous function, we define its doubly- 
weighted mean, if the limit exists, by 

M(/,/i,v):= lim -1- r mv{t)dt. 

It is well-known that if / e AP(X), then its mean defined by 

Mif) := lim r f{t)dt 

exists 161 . Consequently, for every /I e R, the following limit 

Hm r me-'"dt 

exists and is called the Bohr transform of /. 

It is well-known that a{f,A) is nonzero at most at countably many points |6|. The set 
defined by 

crb(f):^[AeR:a(f,A)^0} 
is called the Bohr spectrum of / |fT9ll . 

Theorem 3.1. (Approximation Theorem) |[l7][19l Let f e AP{X). Then for every s > 
there exists a trigonometric polynomial 

n 
k=l 

where a^ and e crh(f) such that \\f{t) — -PsCOII < ^for all f 6 R. 

In Liang et al. IITSll . the original question which consists of the existence of a weighted 
mean for almost periodic functions was raised. In particular, Liang et al. have shown 
through an example that there exist weights for which a weighted mean for almost periodic 
functions may not exist. In this section we investigate the broader question, which consists 
of the existence of a doubly-weighted mean for almost periodic functions. Namely, we 
give some sufficient conditions, which do guarantee the existence of a doubly-weighted 
mean for almost periodic functions. Moreover, under those conditions, it will be shown 
that the doubly-weighted mean and the classical (Bohr) mean are proportional (Theorem 
13.21 ). Further, it will be shown that if the doubly- weighted Bohr spectrum of an almost 
periodic function exists, then it is either empty or coincides with the Bohr spectrum of that 
function. 

We have 
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v{Qt) 

Theorem 3.2. Let ij.,v & Um and suppose that lim = ft,y. Iff : 

r^oo ij(Qj) 

almost periodic function such that 



. is an 



(3.1) 



lim 



I^(Qt) Jor 



it)dt 



= 



for alio A e (Thif), then the doubly-weighted mean of f, 

M(/,/i,v)= lim -i- r f(t)v{t)dt 
exists. Furthermore, Ai(f, fi, v) - 9^yAi(f). 



n 

Proof. If / is a trigonometric polynomial, say, /(f) - ^ a^e''''' where a^^ e X - (0) and 

k=a 

Ak&^iork - 1,2, ...,n, then a-b(f) - [Au : k- 1,2, ...,n]. Moreover, 

-i— r f(t)v(t)dt = ao4^ + -^ r [yfl,e"'']y(0«f? 



and hence 



r f{t)v{t)dt - aj^-^ < YWakWl—^ f e'^''v(t)dt\ 
which by Eq. ( 13.11 ) yields 



■ as r — > oo 



TTT^ r f(t)yit)dt - aoO^y 

and therefore M(f,p, v) - aoOf^y - 6fjyM{f). 

If in the finite sequence of there exist A^^ = for k - 1,2, ...I with Om e X - {0} for 
all m nk {k - 1,2, I), it can be easily shown that 

/ 

M{f,p, v) = 6^y ^ fl„, = 0;,vM(/). 

k=\ 

Now if / : R i-> X is an arbitrary almost periodic function, then for every e > there 
exists a trigonometric polynomial (Theorem l3.1b Ps defined by 

« 

k=l 
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where at € X and Ak e cri,{f) such that 

(3.2) 11/(0 -^.(f)ll<e 
for all f 6 R. 

Proceeding as in Bohr |6| it follows that there exists Tq such that for all T\,T2 > Tq, 
11-^ r P,(t)v(t)dt-—^ f P,(t)v(t)dt\\^6J\M(P,)-M(pJ\^0<s. 
In view of the above it follows that for all Ti,T2 > To, 

11—^ r f(t)v(t)dt - -j— f f(t)v(t)dt\\ < -j— f \\f(t) - Pjmy(t)dt 

+11 — ^- — r Pe(t)v(t)dt i — f PMy(t)dt\\ 

+ ^7r^ r 11/(0 -^.(f)l|v(f¥f<3e. 

□ 

Example 3.3. Fix a natural number > 1. Let //(f) = gl'' and v(0 = (1 + \t\)'^ for all 
f e R, which yields = 0. If : R X is a (nonconstant) almost periodic function, then 
according to the previous theorem, its doubly-weighted mean M{tp, fJ., v) exists. Moreover, 

lim / r f(t)(l + \t\fdt = 0. lim r /(f)* - 0. 
Consider the set of weig hts Ul defined by 

U° = L e Uoo : Dr lim l^^^inl < oo for all re 

Setting, Ct - hm one can easily see that < < oo for all t € R. 

v(Ot) 

Corollary 3.4. Fix fi, v e U'i and suppose that Um = 0„v If / : R X i 

almost periodic function such that Eq. ( 13. Il l holds, then 

(3.3) M(/„ fi, va) = C_„0^,M(/) = C_„M(/, Ai, v) 
uniformly in a e R, where 

M(fb,^i,Vh)= lim — ^ ( Mt)vb(t)dt = lim — ^ ( f{t + b)v{t + b)dt 

for each e R. 
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Proof. Clearly, the existence of M{f, jJ., v) is guaranteed by Theorem l3.2l Without lost of 
generality, suppose a > 0. Now since / e AP(X) it follows that /(f + a) belongs 

to AP(X). Moreover, the weight Va defined by Va(t) - v(t + a) for all f e R belongs to U'^. 
Now 

and hence 

lim|-i— f e'"va(t)dt\ = liml-^ f e'"v(t)dt\ 

< liml^i— r e'^\(t)dt\ 



■X 



,. I^CGr+a) 1 I at ,j 
hm — j^:;-^ — — ^ ( e v(t)dt\ 

7"— >oo I 



l^iQl) jU(Gr+a) jQr 

Da hm 1--^ r e'^'v(t)dt\ 



= 0. 



Now 



lim = C_fl0;,v 

Using Theorem l3.2l it follows that for every ip e AP(X), 



M((fa,f^,Va) ^ lim \ f ipait)Va(t)dt 

exists. Furthermore, A\{ifa,l-t,Va) - C-aOitvM(<fia) for all a e R. In particular, 
M(fa,f^,Va) = C-aO,ivM(fa) Uniformly in a e R. Now from Bohr L6J, M(fa) = M(f) 
uniformly in a e R, which completes the proof. 

□ 

v(Qt) 

Definition 3.5. Fix n,v e Uoo and suppose that lim = If / : R i-> X is an 

almost periodic function such that Eq. (13.1b holds, we then define its doubly-weighted 
Bohr transform as 

anv(f)(A) lim — — f f(t)e-''^'v(t)dt for all AeR. 
T^oo ii{Qj) Jq^ ■ 
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Now since t gA(t) :- f{t)e' e AP(X) it follows that 



That is, under Eq. ( 13. 11 1. 

fl^,v(/)(^) lim r f{t)e-'"v{t)dt = 0^, lim f Me-'^'dt = 

for all AeR. 

In summary, there are two possibilities for the doubly-weighted Bohr spectrum of an 
almost periodic function. Indeed, 

1) If Um ^^9]! = = 0, then'5'„„(/)(^) = Ouyoi f, A) ^ for all /I e R. In that event, 

the doubly-weighted Bohr spectrum of / is 

(7^\/):={^eR:«/.v(/)W^o} = 0. 



2) If Hm - e^y + 0, then - e^ya(f,A) exists for all i e R and 



v(Qt) 

is nonzero at most at countably many points. In that event, the doubly-weighted Bohr 
spectrum of / is 

cj^Jif) := 6 R : a^y(f)(A) ^ o) = e R : a{f. A) + o), 
that is, C7^''(/) = a-h{f). In particular, a^^{f) = (TbU)- 

4. Existence of Doubly- Weighted Pseudo- Almost Periodic Solutions to Some 

Differential Equations 

In this Section, we fix two weights //, v e Uoo such that PAP(X,//, v) is translation- 
invariant and Eq. ( I2.7l i holds. Under these assumptions, it can be easily shown that 
PAP(X,iJ, v) is a Banach space when equipped with the sup norm. 

In what follows, we denote by Fi and the nonlinear integral operators defined by 



iM)(f):= r 

%J —CO 



(riM)(f):= I Uit,s)Pis)g(s,u(s))ds, and 
and 

UQ(t, s)Q(s)g(s, u(s))ds. 

To study the existence of doubly-weightedpseudo-abnost periodic solutions to Eq. (II. Il l 
we will assume that the following assumptions hold: 

(H.l) The family of closed linear operators A(t) for f e R on X with domain D(A(t)) 
(possibly not densely defined) satisfy Acquistapace and Terreni conditions, that is. 
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there exist constants w € R, € tt), L > and ju, v e (0, 1] with ju + v > 1 such 



that 

Eg U {ol c p(A(f) -cjjBA, \\R{A,A(t) - w)|| < - — — for all t e R, 
and 

||(A(f) - oS)R{X,A{f) - oS) \R{i^A{f)) - R(oj,A{sm\ < L 

Mr 

for f, 5 e R, ^ e Ee := {i 6 C \ {0} : I arg/ll < 0). 
(H.2) The evolution family 1/ = {U{t,s)}f>s generated by A(-) has an exponential 

dichotomy with constants N,6 > and dichotomy projections P(t) for f E R. 
(H.3) There exists < a < 1 such that 

for all f E R, with uniform equivalent norms. 
(H.4) R(aj,A(-)) e AP(B(XJ). 

(H.5) The function g:RxXt-^X belongs to PAP(K, X,ju, v). Moreover, the functions 
g are uniformly Lipschitz with respect to the second argument in the following 
sense: there exists K > such that 

||g(f,M)-^(f,v)||</i:||M-v|| 

for all M, V £ X and t £ R. 
If < a < 1 , then the nonnegative constant k will denote the bounds of the embedding 
Xa ^ X, that is, 

M\ < k\\x\\a 

for all X eXa- 

To study the existence and uniqueness of doubly-weighted pseudo-ahnost periodic 
solutions to Eq. (II. lb we first introduce the notion of mild solution. 

Definition 4.1. A continuous function m : R i-> Xq, is said to be a mild solution to Eq. dl.ll ) 
if 

u(t) = U(t, s)u(s) + J U(t, s)P(s)g{s, u(s))ds - U{t, s)Q{s)g(s, u(s))ds 

for t > s and for all f , i £ R. 

Under previous assumptions (H.1)-(H.5), it can be easily shown Eq. (II. lb has a unique 
mild solution given by 

Xt poo 
Uit,s)P(s)g(s,u(s))ds - I UQ(t,s)Qis)g(s,u(s))ds 
CO Ut 

for each t e R. 
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Lemma 4.2. Under assumptions (H.l) — (H.5), the integral operators Ti and Y2 defined 
above map PAP(Kc,, ^, v) into itself. 

Proof. Let u € PAP{'Ka,^,v). Setting hit) - g(t,u(t)) and using the theorem of 
composition of doubly-weighted pseudo-almost periodic functions (Theorem 12.171 1 it 
follows that h e PAP(X,iu,v). Now write h - (p + ( where (p € AP(X) and ^ e 
PAPo{X,fi, v). The nonlinear integral operator Fim can be rewritten as 

(FimXO = r Uit,s)Pis)^(s)ds+ f Uit,s)P(sX(s)ds. 

U—oo U—oo 

Set 

0(0 = r U(t, s)P(s)4>is)ds 

%J —CO 

and ^ 

»p(f) = r f/(f, s)P{s)i^(s)ds 

U — CO 

for each t e R. 

The next step consists of showing that O € AP(Xa) and ^ e PAPoiXa,^, v). Obviously, 
O 6 AP(X,j,). Indeed, since e Af (X), for every £ > there exists l(s) > such that for 
every interval of length /(e) contains a t with the property 

\\(f>(t + t) - (f>(t)\\ < eC for each t e R, 

where C ; with F being the classical F function. 

Now 

Xt+T f^t 
U(t + T,s)P(s)(p(s)ds- I U(t, s)P(s)4>(s)ds 
CO %J —CO 

= r t/(f + T, i + t)P(5 + T)(^(i + T)t/i - r Uit,s)P(s)4>is)ds 
U —00 U —00 



■t 

U(t + T,s + t)P(s + t)^(s + T)ds 



f 

xj —I 

r t/(f + T, i + T)P(i + T)4>is)ds 
•J— 00 

f U{t + T, s + t)P(s + T)(f>{s)ds - f U(t,s)P(s)(p{s)ds 

u — 00 u — 00 

f U(t + T,s + t)P{s + t){<P(s + t) - (p(s)ys 

%J —00 

r [U(t + T,s + t)P(s + t) - U(t, s)Pis))(pis)ds. 

v/ — 00 
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Using |l4l|22l it follows that 

r [t/(f + T,s + T)Pis + t) - U(t, s)P(s)\<pis)ds: 

U — CO 

Similarly, using ( I2.3l l, it follows that 

r Uit + T,s + T)Pis + T)((^(i + r) - (l>is))ds 

%J —CO 



< — : — S- 



< e. 



Therefore, 



||0(f + t) - (D(f)||„ < (l + ?Mk)e for each t e R, 



and hence, O e AP(Ka)- 

To complete the proof for Fi, we have to show that ^ e PAPo{Xa,i^, v). First, note that 
s is a bounded continuous function. It remains to show that 



T^^HiQrj JQ- 
Again using Eq. ( 12.31 ) it follows that 



lim-i- r imOIUvWA = 0. 



lim-^ r mOWavm < lim^^ f f ^-"e-^||^(f - .)||vWJia!f 

s-''e-^-'' \\^(t - s)\\v(t)dtds. 

juCGr) Jgr 



Set 



Since PAPQ(X,fi,v) is assumed to be translation invariant and that Eq. ( 12.7b holds, it 
follows that t >-> ((t - s) belongs to PAPo{X, fi, v) for each s e R, and hence 

lim -i- r wat - s)\mdt = 

for each s e R. 

One completes the proof by using the well-known Lebesgue Dominated Convergence 
Theorem and the fact Ts{T) i-> as T ^ 00 for each i e R. 

The proof for F2m(-) is similar to that of Fim(-). However one makes use of Eq. ( 12.41) 
rather than Eq. ( 12.31 1. □ 

Theorem 4.3. Under assumptions (H.l) — (H.5), then Eq. dl.ll) has a unique doubly- 
weighted pseudo-almost periodic mild solution whenever K is small enough. 
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Proof. Consider the nonlinear operator M defined on PAP(Xa, fi, v) by 

U(t, s)P(s)g(s, u(s))ds - I UQ(t, s)Q(s)g(s, u(s))ds 

CO Jt 

for each f e R. 

In view of Lemma 14.21 it follows that M maps PAP(Xa, /i, v) into itself. To complete 
the proof one has to show that M has a unique fixed-point. 
If V, w e PAP(Xa, n, v), then 

l|ri(v)(f)-ri(w)(f)IU < r \\U{t,s)P{s)[g{s,v{s))-g{sMs))]\\ads 

%J —CO 

< f c(a)(t - sr''e-'2'-<-^>\\g(s, v(s)) - g(s, w(s))\\ds 

< Kc(a) r {t - s)-''e-'^'^'-'\v{s)-w(s)\\ds 

U —CO 

< kKc(a) r (t- s)-"e-^^'-'\v(s)-w(s)\lds 

%J —CO 



< kKc{a)2^-"T{\ - a)6"'-^\\v - w|U,c 



and 



Xco 
WqH, s)Q{s) [g{s, vis)) - gis, wis))] Wads 

Xco 
mia)e''^'-'''\\gis,vis))-gis,wis))\\ds 

Xco 
mia)Ke'^^'-'>\\vis) - wis)\\ds 

Xco 
e^^'-'^\\vis)-wis)\\ads 

e'^'-'-'^ds 

- Kkmia)S^''\\v - w||q._oo, 

where ||m|^„ sup||M(f)IU. 

Combining previous approximations it follows that 

IIMv - Mw|U,„ < KCia, 6) . \\v - w||„,c», 
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where C(a,6) = km(a)6^^ + kc(a)2^^T{l - 0)6"^^ > is a constant, and hence if the 
Lipschitz K is small enough, then Eq. ( 11.11 ) has a unique solution, which obviously is its 
only doubly-weighted pseudo-almost periodic mild solution. □ 
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